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INEFFICIENCY  OF  NASH  EQUILIBRIA:  I 
by 

P.  Oubey*  and  J.  D.  Rogawski 


where  is  the  strategy  aet,  Y^  the  outcome  apace,  and  the  utility 
function  of  the  i***  player.  Thus  the  i^**  player  gets  the  payoff 
u^(^^(7))  ,  idiere  ¥  •  (s^,  ...,s^)  and  Sj  €  Sj  denotes  the  strategy 
chosen  by  the  J***  player.  The  and  Yj^  are  taken  to  be  "S*«8nlfold8'' 

(as  defined  in  Section  2),  for  instance  slaplices  or  manifolds,^  and  the 
maps  and  u  are  C  The  general  queation  is:  "to  what  extent 
are  the  Nash  aquilibria  of  theae  games  Pareto  efficient  or  Inefficient?" 

The  focus  of  the  present  paper  Is  the  case  where  all  the  T^ 

1  The  ftret*iiamsd  anther's  verk  mas  smpeerted  by  O.M.R.  Grant  IR)OOU-77-<*Q5U 
Issued  under  Centrset  authority  VBt  047*006. 

^Throughout  this  paper,  all  manifolds  are  assumed  to  be  C*-«aaifolds. 
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coincide  with  •  fixed  Y  and  the  with  a  fix^  d  ;  this  aay  be 
thought  of  aa  correaponding  to  "pure  public  outcoaea."  We  begin  ite 
analyaie  in  Section  2,  aaauaing  that  Y  •  Sj^  x  ...  e  and  that  d  i* 
the  identity  aap.  Our  aain  reault  (Theorem  2.4)  atatea  that  if  the  space 
of  utilities  satisfies  a  certain  condition  "T.C."  given  in  Section  2»  then 
generically  (for  an  open  dense  set  of  utilities):  (a)  the  set  of  N.E. 
is  finite  and  varies  continuously,  (b)  if  an  N.E.  is  efficient,  then  at 
least  one  player  is  on  a  "vertex"  of  his  strategy  set,  (c)  if  an  N.E.  is 
strong,  then  at  sMst  one  player  la  not  on  a  vertex  of  his  strategy  set. 

Mote  that  (b)  implies  generic  inefficiency  of  N.E.  if  the  strategy  sets 
are  vertex-free  (e.g.  manifolds)  or  if  vertices  can  a  priori  be  ruled  out 
of  N.E.  in  the  given  case.  The  result  applies  to  the  snilti-matrix  games  of  Mash. 
(Section  3).  Here  a  vertex  corresponds  to  a  pure-strategy  and,  given  the 
special  structure  of  payoff  functions,  (c)  can  be  strengtheksd  to:  if 
an  N.E.  is  strong,  every  player  is  using  a  pure  strategy.  These  results 
vere  obtained  when  is  a  simplex  in  (2]  and  the  present  treatment  is 
based  on  the  same  ideas  in  a  more  general  framework,  it  is  also  shown  that  the 
set  of  efficient  strategies  is  contained  in  a  union  of  submanifolds  of  Y 

of  codlmsnsion  at  least  1  (N  -  n)  where  N  is  the  dimension  of  Y. 

Zm  Section  4,  we  present  a  simple  example  of  the  resif">e  of  Section 

2.  It  illustrates  all  of  the  general  phenomena  and  the  wishes 

to  understand  Theorem  2.4  without  reading  the  proof  is  ercouraged  to  read 
the  defimitions  of  Section  2  and  thn  turn  directly  to  Section  4. 

In  the  final  section,  we  dlscuas  what  happena  for  arbitrary  d  • 

When  tha  atratagy  sets  and  the  outeoms  space  open  submanlfolda  of  Euclidean 
space.  It  turns  out  that  a  certain  Inaguallty  relating  tha  suiter  of  players, 
the  dimension  of  the  strategy  eats,  and  tha  dlmsaslen  of  the  outcome  space 
guarantees  that  the  eoacluslons  of  Theorra  2.4  held  for  generic  d  . 
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In  Part  II  ([5])  nc  consider  the  "par*  private  outeeaea”  eaae«  In 
which  the  are  distinct  and  x  ...  »  la  the  set  of  all  reallo¬ 
cations  of  privately-owned  coMudltles.  The  are  subject  to  certain 
constraints  In  the  spirit  of  [4]  (iriilch  also  Includes  a  survey  of  recent 
articles  on  such  "strategic  aarket  gaaes").  The  precise  stateaent  of  In¬ 
efficiency  will  be  aade  in  its  place.  Eere  again  there  is  a  precursor 
(13]),  in  which  a  particular  example  Is  worked  out.  But  our  approach  is 
significantly  different  from  that  of  (3].  Ue  show  that  for  fixed  4^  , 
the  set  of  strategies  x  . . .  x  can  be  partitioned  into  E  and  I  . 
Every  point  in  E  has  the  property  that,  for  any  choice  of  utilities.  If 
it  is  an  N.E.  then  it  is  perforce  efficient.  1  is  characterised  by  exactly 
the  same  property  vith  "efficient"  replaced  by  "Inefficient."  Therefore 
we  call  them  "ultra-optimal"  and  "ultra-inoptimal"  points.  The  analysis 
turns  on  the  sets  E  ,  I  and  on  showing  that  the  set  of  K.E.  of  the 
game  iT  ■  (u^,  ...,u’')  generlcally  has  a  transversal  intersection  with 


2.  The  Main  Theorem 

The  strategy  sets  which  occur  for  many  classes  of  games  are  not 
manifolds.  A  standard  example  Is  the  simplex  In  r”  .  To  take  this  Into 
account,  we  define  and  prove  our  theorems  for  a  class  of  topological  spaces 
which  we  call  S-manlfolds.  It  seems  that  most  strstegy  sets  are  S-«anlfolds 
Since  the  proofs  for  8>eanlfolds  will  be  reduced  to  the  case  of  manifolds 
we  first  define  our  set-up  for  manifolds  and  Introduce  S-manlfolds  to< 
the  end . 


Ve  consider  gsmes  of  the  following  type.  There  are  n  player^ 
and  the  j***  player  has  a  strategy  set  S,  idilch  la  a  manifold  ^ 
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•  <u.«  «U  U  fU.  ., 

Ut  X-*J»...  ,s^;  It  1»  .  ».olfold  ef  dlMii- 

•i-  »  -  I.(.)  .  ut  c»(«  U  .„.  uucb  .Ud.  df  f.«ti«.  .  .. 

*  .u  df  «»..  p.„ua  d.rd,.ti„.  d,  dtddt  0,  a  ddd  ,  ..ut  ..d  ...  c«.- 

tldddu.  .„d  rt,.M  „„  ||„||2  _ 

ll“lr  ■  .upiouc.)  I 

3cCX 

D 

vut.  u  r.....  „„  .u  ,.„U1  d..l,.tj„.  . 

finite.  -  •  ” 

Ut  0  U  .  touch  «d»..lfdld  df  c“(x)  .  Thu  0  u  .  Cl... 

df  .tint,  t.«.tUu  .nd  .  uto  ccut.  „  ..  .iu.,c  J  .  ,„1 . 

th.t  1..  .  cholc.  d,  .tint,  (uctUd  fdttoChdl.^..  *  chdlc.  d, 

tegies  ••fa. . 

1  «l«o  «n  outcoflM  and  the  J***  player’* 

payoff  la  given  by  o^(a) 

ISHiilSri.,  Utou  !.<.> . T  h..u.. 

«Pt,  ..b..t  d,  (1,  j . ^ 

th.  .l«„t  „  ,  cdc..^  ^  ^  ^ 

DApdUt  7€,  U  c.U«l  Tunuust  „  cut.  1.  to  utat 

•  €  ns.  auch  that: 

1€I  ^ 

i  »>*(•)  for  all  1  €  T 
u^(I|e)  >  uU7)  for  aoM  j  C  T 

(the  coalition  of  playara  beloaeln*  »■«  • 

7  Doiongiog  CO  T  cannot  Farato*i^preve  itaalf 

if  the  other  players  rsMln  fined). 
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2}  A  point  s  €  X  1b  •  Wash  equilibrium  If  It  Is  T-efficient  for 
all  subsets  T  consisting  of  one  eleaent. 

3)  A  point  s  €  X  Is  efficient  (or  Pareto  optimal)  If  It  Is  T- 
efflclent  for  T  ■  (1,  2,  ...,n}  . 

4)  A  point  s  €  X  Is  a  strong  Hash  equilibrium  If  it  Is  T-efficlent 
for  all  subsets  T  c  {1,  . . . ,  n)  . 

5)  Let  N(u)  ,  E(u)  ,  S(u)  denote  the  sets  of  Nash,  efficient, 
and  strong  Nash  points  In  X  respectively  (with  respect  to  the  utilities 

The  Derivative  Map-.  Ue  are  going  to  define  a  map  which  will  be  used  in 
the  investigation  of  Nash  and  efficient  points  of  a  game.  2.2  gives 

the  precise  connection. 

With  notation  as  before,  let  T*  denote  the  cotangent  bundle  of 
X  and  T*(x)  the  fiber  of  T*  above  x  €  X  .  Thus  T*(x)  is  the  co¬ 
tangent  space  at  x  (the  dual  of  the  tangent  space)  and  if  we  choose  local 

coordinates  (x^,  ...,x^)  around  x  ,  then  T*(x)  can  be  ldentlff^•'. 

N  2 

with  B  .  Each  function  u  €  C  (X)  defines  a  section  7u  of  T*  ; 

7u  is  the  gradient  of  u  and  In  local  coordinates  (x^ 
point  X  €  X  ,  Vu  ■  Ou/dXj^,  ....  3u/9x^)  . 

Let  T*  be  the  n***  power  of  T*  ;  in  other  words,  T*  is  the 

ti  Tk 

vector  bundle  over  X  whose  fiber  at  x  €  X  is  T*(x)  »  ...  x  T*(x) 

a-tiaes 

and  in  local  coordinates  we  may  view  an  element  of  this  fiber  as  a  matrix 
with  n  rows  and  N  columns. 

Given  u  ■  (u^,  ...,u")  C  ,  we  obtain  a  aection  D(u)  of  T* 

n 

whose  value  at  x  C  X  we  denote  by  l>(u,x)  .  In  local  coordinates 
(Xj^,  ...,  Xj,)  near  x  , 


,  . . . ,  x^)  near  a 
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€  T*(*)  . 

The  aep  D(u, x)  from  u"  €  X  to  T*  is  called  the  derivative  map. 

Ue  will  always  choose  local  coordinates  (x^,  ...,x^)  which  are 

compatible  with  the  product  structure  X  •  S.  x  ...  x  s  ;  that  is,  we 

X  n 

always  choose  (x^,  ...,X|j)  so  that  (Xj^,  ...,x^^^)  are  local  coordinates 

for  local  coordinates  for  $2  ,  etc. 

Let  be  a  submanifold  of  for  J  ■  1,  ...,  n  and  put 

n 

X’  -  s:  X  ...  *  S'  ;  let  d(j)  -  dlm(S!)  .  a  -  J  d(J)  .  and  let  T'* 

J  j-1 

(reap.  )  be  the  cotangent  bundle  of  X'  (reap,  product  of  T'*  %rlth  | 

itself  n  times).  Every  cotangent  vector  v  €  T*(x)  defines,  by  restric¬ 
tion,  a  cotangent  vector  in  T'*(x)  ,  for  x  C  X*  .  To  sec  this,  note 
that  the  tangent  space  T*(x)  to  x  in  X*  is  a  subspacc  of  the  tangent 
space  T(x)  to  x  in  X  and  hence  elements  of  the  dual  space  of  T(x) 

(namely,  cotangent  vectors)  restrict  to  give  elements  of  the  dual  space  v 

of  T'(x)  .  Ue  shall  assume  that  d(j)  >  0  for  all  j  . 

Ue  define  two  subsets  B"  and  U”  of  T**  as  follows.  Let 

n 

(xj^,  ...,x^)  be  local  coordinates  for  X*  around  a  point  x  C  X'  ,  chosen 
so  that  (x^,  ***>*g(i))  l>ocal  coordinates  for  , 

(Xj(l)^l,  •••#  local  coordinates  for  ,  etc.  Uith 

respect  to  these  coordinates,  an  element  of  T^*(x)  is  represented  as 
a  matrix  with  n  rows  and  a  columns.  Define: 

E”  ■  {(x,V)  C  i  V  has  linearly  dependent  rows}  . 


D(u,x)  - 


ax- 


au“ 
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(Here  (x,V)  €  T'*  neans  that  V  ia  an  clcoMint  of  the  fiber  T'*  repre- 
n  n 

sented  as  a  natrlx  In  local  coordinates.)  Define: 

i-1  i 

N"  -  {(x.V)  €  r*  :  V  -  0  for  1  +  I  d(l)  1  j  <  I  d(i)} 

^  1-1  1-1 

where  denotes  the  (i,j)-entry  of  V  .  In  other  words,  (x.V)  €  N" 

if  Y  has  the  form: 


d(l)  d(2)  d(n) 


Define  £'  (resp.  N*  )  to. be  the  set  of  elements  (x,V)  €  T*  such. that: 

n 

1)  X  €  X' 

2)  the  restriction  of  V  to  T’*(x)  lies  in  E”  (resp.  H"  ). 

n 

It  is  obvious  that  N"  is  a  closed  subset  of  T'*  (which  is  itself  a 

n 

manifold).  It  is  also  obvious  that  E”  is  closed  in  T’*  and  this 

fl 

can  be  checked  as  follows.  Because  T^*  is  a  locally  trivial 
bundle,  it  will  suffice  to  show  that  if  is  a  sequence  of  nsa 

matrices  with  linearly  dependent  rows  such  that  lim  -  A  ,  then  A 

BKMB 

has  linearly  dependent  rows.  If  A,,  has  linearly  dependent  rows,  there 
is  a  non-sero  vector  v.  C  k"  such  that  v_A_  -  0  and,  multiplying  v. 
by  a  scalar  if  necessary,  we  may  assume  that  llv^ll  *  1  •  Since  the  unit 
sphere  in  k"  is  compact,  there  is  a  subsequence  of  the  v  which  converges 

B 

to  a  vector  v  €  r"  such  that  ||v||  ■  1  and  it  is  clear  that  vA  -  0  . 

Bence  A  has  dependent  rows. 
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In  the  next  Icane,  «•  eatwhet  pedantically  prova  aoae  atateaents 
that  vUl  be  needed  to  apply  the  tranaveraal  dansity  theorea  and  ask  the 
reader  for  tfhoa  these  stateaents  are  obvious  to  bear  with  us. 

Leaaa  2.1:  (i)  N*  is  a  aubaanifold  of  T*  of  eodiaension  N  . 

n 

(ii)  E*  is  a  finite  union  of  subaanifolds  of  T*  of  eodiaension  greater 

n 

than  or  equal  to  N>n+1  . 

(Hi)  E*  On*  is  a  finite  union  of  subaanifolds  of  T*  of  eodiaension 

n 

greater  than  or  equal  to  N (a-n)  . 

Proof:  Because  T*  is  a  locally  trivial  bundle,  every  point  x  C  X  has 
an  open  neighborhood  Vex  and  local  coordinates  (x^^,  ....  x^)  on  v 
such  that  the  restriction  of  T*  to  ▼  is  isoaorphic  to  V  x  Mat(n,N) 
where  Mat(n,N)  denotes  the  set  of  aatrices  with  n  rows,  N  coluans, 
and  real  entries.  Furtheraore,  we  aay  choose  the  coordinates  (xj^,  ...,Xjj) 
so  that  ••••  *k(i-i)4d(l)^  coordinates  for  . 

It  is  clear  that:  1)  to  prove  that  N*  ,  E*  ,  and  E*  0  N'  are  unions 
of  subaanifolds,  it  suffices  to  show  that  N”  ,  E"  ,  and  M"  0  E”  are; 
and  2)  diB(N')  -  dia(N")  •i'  (N-a)n  ,  dia(E')  -  dia(E")  +  (N-a)n  ,  and 
dia(N'  n  E')  -  dla(N"  (1  E")  +  (N-a)n  where  dia(E’)  and  diB(E'  0  N') 
denotes  the  aaxiaua  diaension  of  the  subaanifolds  whose  union  is  E*  , 

E'  n  N'  ,  etc.  Therefore  «re  aay  as  well  assisM  that  X  -  X'  and  that 
a  ■  N  .  Then  (1)  is  obvious. 

To  prove  (ii),  it  will  suffice,  in  view  of  the  local  triviality  of 
T*  ,  to  show  that  tha  set  t  of  n  x  p  aatrices  with  linearly  dependent 
rows  is  a  finite  union  of  subaanifolds  of  diaension  ^  (n-l)(N4-l)  .  Let 
T  be  a  proper  aubaet  of  (1,  2,  ....n)  and  let  tj  be  the  subset  of 
Mst(n,N)  of  aatrices  A  such  that  if  A^  denotes  the  row  of  A  , 
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then  the  vectors  :  j  €  T)  are  linearly  independent  and  each 

for  L  f  T  is  dependent  on  the  set  {A^  :  j  C  T)  .  We  show  that  is 

a  submanifold  of  M8t(n,K)  and  compute  its  diMnsion.  Since  A  *  UA.  , 

T 

this  will  show  that  A  is  a  finite  union  of  submanifolds. 

We  may  assume  that  T  ■  {1,  ...,t}  tfithout  loss  of  generality. 

Let  be  the  set  of  elements  in  Mat(t,N)  with  linearly  dependent  rows. 

We  have  shown  that  is  a  proper  closed  subset  and  hence  the  set 

(Mat(t,N)  -  S^)  »  MatCnot,  t) 

is  a  manifold  of  dimension  tN  (n-t)t  .  We  construct  an  embedding  9 

from  (Mat(t,K)  -  S^)  »  Mat(n*t,  t)  onto  A^  as  follows:  for 

B  €  (Mat(t,K)  -S^)  with  rows  . B^  and  C  ■  C  Matfn-t,  t)  , 

let  9(B,C)  be  the  matrix  whose  i^*'  row  is  B^  for  1  Ji  i  i  t  ***<* 

t 

whose  i^”  row  is  I  C..B.  for  t  <  i  <  n  .  This  shows  that  A-  is 

j-1  ^  J 

a  manifold  of  dimension  tN  *  (n-t)t  and  it  is  easy  to  see  that  the  largest 
of  these  dimensions  (1  i  t  ^  n-1)  is  the  case  t  •  n-1  ,  l.e.»  the  largest 
dimension  is  (IH-l)(n-l),  and  it  follows  that  E'  is  a  finite  union  of 
submanifolds  of  dimension  less  than  or  equal  to  N  (IH-l)(n-l)  . 

It  remains  to  prove  (iii).  Again  by  the  local  triviality  of  T* 
and  the  above  remarks,  it  is  enou^  to  show  that  the  aet  Q  of  n  >  H 
matrices  of  the  form 


r(l)  r(2)  T(n) 
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with  linearly  Independent  rove  Is  a  finite  union  of  svbnanifolds  of  diaen- 
Sion  ^  H(n-l)  -  (N-n+1)  .  Let  T  be  e  proper  subset  of  {1,  ...,n)  end 
let  Op  be  the  subset  of  Q  of  nstricee  A  with  rows  such  thet 
{Aj  :  J  e  T}  is  a  linearly  independent  set  of  nstrices.  We  show  that 
0^  is  a  submanifold  of  Mat(n,N)  and  compute  its  dimension;  we  nay  assume 
that  T  ■  {1,  t)  with  t  <  n  .  Let  be  the  set  of  t-tuples  of 
row  vectors  of  length  N  (A^,  ...,A^)  such  that  the  A^  are  linearly 
Independent  and  A^  forms  the  row  of  some  matrix  in  fl  ,  i.e., 

Aj  has  zeroes  in  the  appropriate  places.  As  before,  0^  is  a  manifold. 
Consider  the  map: 


:  »  Mat(n-t,  t) 


*  ...  *  R' 


r(n) 


defined  as  follows.  Let  (Aj^,  ...,A^)  x  x  Hat(n>t,  t)  and 

t 

consider  the  row  vectors  I  C..A  for  1  -  1,  ....  n-t  .  Let  v.  be 

J-1  J  J  ^ 

the  vector  consisting  of  the  k(t+l-l)  +  1  to  kCt-fl)  entries  of  the 

.  t  '  t 

vector  J  C. .A.  ;  if  v.  is  zero,  then  the  vector  7  C,,A.  qualifies 
J-1  ^  ^  J-1  J 

as  the  (i+t)***  row  of  a  matrix  in  n  .  Define  ♦((Aj^ . A^)  *  (C^j)) 

■  (Vj^,  V2,  ****  other  hand,  we  have  a  map  from  ♦“^((0,  ...,0)) 


to 


,-l. 


flj  :  send  (Aj^,  ...,A^)  x  (Cj^j)  €  ^  ((0,  ...,0))  to  the  matrix 
whose  first  t  rows  ere  A^,  ...,  A^  and  whose  i^**  row  for  t  <  i  £  n 
?  -1 

is  I  .  If  we  show  that  ^  '*■((0,  ...,0))  is  a  manifold,  it 

will  follow  that  (Ip  is,  end  to  do  this,  we  need  only  check  that  i>  is 
transverse  to  (0,  ...,0)  .  Ve  omit  the  straightforward  verification. 

It  also  follows  that  Dp  is  a  manifold  and  since 

the  codimension  of  ♦"^(.0 . 0)  in  d»  »  Mst(n-t,  t)  Is  the  same  as  that 


1 
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Jf  (0 . 0)  in  , 

dim  «j.  •  (t-l)N  +  (n>t}t  -  +  (N4n)t  -  N  . 

Here  1  ^  c  ^  n-1  and  Che  ■axloiio  value  of  this  dimension  occurs  for 
t  •  n-1  and  we  get  (n-2)N  +  (n-1)  ■  N(n“l)  -  (N-n+1)  .  This  proves  (ill). 
The  transversal  density  theorem  will  be  applied  to  the  map 

D  :  u"  *  X  -*  T* 
n 

(u,x)  K  D(u,x)  . 

We  recall  the  definition  of  transversality.  Let  ^  :  X  Y  be  a  differ¬ 
entiable  map  between  two  manifolds  X  and  Y  and  let  W  c  Y  be  a  sub¬ 
manifold.  Let  T  X  (resp.  T  Y  ,  T  W  )  be  the  tangent  space  to  x 

X  XX 

in  X  (resp.  Y  ,  W  )  for  x  €  X  (resp.  Y  ,  W  )  .  Then  ^  is  said 

to  be  transverse  to  W  at  a  point  x  C  X  if  either  ^(x)  C  W  or 

♦  (x)  €  w  and  *  ^♦(x)^  d4i(TjjY)  .  This  is  written  as  . 

If  ^  is  transverse  to  U  for  all  x  €  X  ,  we  say  that  ^  is  trans¬ 
verse  to  V  and  write  ^'I^W  .  If  ^'^W  ,  then  ^~^(W)  is  a  submanifold 

of  X  ([  ll). 

Lemma  2.2:  Let  X*  ■  S'  »  ...  x  $*  as  before.  Suppose  that  the 

-  ^  n 

player  is  constrained  to  pick  his  strategy  from  S^  and  let 

tl  *  (u^,  ...,u")  €  u"  be  a  choice  of  utilities.  In  other  words,  utilities 

come  from  0  but  the  strategy  sets  are  reduced  to  S^  .  Then 

(i)  If  X  C  X'  is  a  Nash  equilibrium  for  this  game,  then  D(u,x)  €  N*  . 

(ii)  If  X  €  X'  is  an  efficient  point  for  this  game,  then  I>(u,x)  €  E' 
(this  condition  was  used  by  Smale  [6]). 

(ill)  If  X  C  X'  and  x  C  N(u)  ,  the  x  is  a  Nash  equilibrium  for  this 
restricted  game. 
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Proof;  (1)  If  X  €  X'  is  a  Nash  aquillbrium,  it  follows  that  for  all 

i  ,  the  point  x  is  a  local  aMxlmua  for  with  respect  to  the  S^- 

variables,  hence  the  corresponding  partial  derivatives  aust  vanish. 

(11)  If  the  projection  of  the  rows  of  DCiI.x)  onto  T'*(x)  are 

n 

linearly  independent,  then  there  is  a  vector  v  C  R*  such  that  D' (u,x)v 

has  positive  entries,  %)here  D'(u,x)  denotes  the  projection  of  D(u,x) 

onto  T^*(x)  .  Then  v  defines  a  direction  in  X*  along 

which  each  is  increasing.  Hence  x  is  not  an 

efficient  point  for  this  game,  (iii)  is  clear. 

2 

We  will  say  that  the  space  U  c  C  (X)  satisfies  condition  T.C. 
(transversality  condition)  if  for  all  u  €  U  ,  x  £  X  ,  and  v  €  T*(x)  , 

there  exists  a  path  £(t)  in  U  such  that  £(0)  *  u  and 

^(D(?(t),  *))jj,Q  ■  V  .  Thus  condition  T.C.  implies  that  the  map 

D  :  u”  X  X  T* 
n 

is  transverse  to  all  submanifolds  of  T*  .  It  also  implies  that  the  map 

D'  :  u"  X  X'  T'*  for  X'  as  before  is  transverse  to  all  submanifolds 

n 

of  T'*  . 
n 

Now  we  define  S-manlfolds.  Let  M  be  an  n-dlmenaional  manifold. 

If  X  is  a  subset  of  M  ,  the  interior  X*’  of  X  is  the  set  of  points 

X  €  X  such  that  there  exists  an  open  neighborhood  of  x  in  M  contained 

in  X  .  A  subset  X  of  M  is  called  an  S-sanifold  if 

(1)  It*  •  J.  (where  X°  -  the  closure  of  X°  in  M  ) 

(il)  X  *>  X°  is  a  union  U  where  X^  is  a  submanifold  of  N 
-1 

and  X-*  is  a  submanifold  with  boundary. 

The  X^  (J  ■  0,  1,  . . . ,  s)  are  called  components  of  X  . 
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If  X  Is  •  closed  subset  of  e  •enlfold  M  ,  «e  define  C^(X)  to 

2 

be  the  set  of  restrictions  to  X  of  C  -functions  f  with  bounded  norm 
on  some  open  neighborhood  of  X  in  M  and  identify  two  functions  on  an 
open  neighborhood  of  X  if  they  agree  on  X  .  Set 

||f||^  -  sup|Df(x)| 
x€X 
D 

where  Df  ranges  over  all  partial  derivatives  of  f  of  order  £  2  . 

Using  the  Whitney  extension  theorea  ([  l])  and  an  argument  involving  par¬ 
titions  of  unity,  we  can  choose  one  open  neighborhood  ^  of  X  in  M 

2 

such  that  every  f  €  C  (X)  is  the  restriction  to  X  of  an  element  of 

.  Let  U  be  a  submanifold  of  C^(k)  with  the  norm  ||  ||^  defined 
above  and  let  ||  ||q  be  the  usual  C^-norm  on  C^(S!)  .  It  is  clear  that 
iUII^  1  li^llo  ^  ^  C^(X)  and  so  a  dense  subset  of  C^(3l)  in 

the  norm  ||  is,  a  fortiori,  dense  under  the  norm  ||  || 

Now  assume  that  the  strategy  sets  Sj  are  S-manifolds  (defined 

as  subsets  of  a  manifold  of  dimension  r(j)  )  with  open  neighborhoods 

'\ 

Sj  c  as  in  the  previous  paragraph.  Let  X  ■  x  . . .  x  ,  and  let 

the  space  of  C^-functions  under  the  norm 

2 

||•||  ,  as  in  the  previous  paragraph.  Let  be  a  component  of 

ll  i 

and  set  X^  •  S,  »  . . .  *  where  o  ■  (1, ,  . . . ,  1  )  ;  let  A  be  the 
V  X  n  X  n 

1, 

set  of  such  dl  for  which  dim(S.^)  >  0  for  all  1  .  Let  N*  and  E* 

j  o  a 

be  the  subsets  of  associated  to  X  ,  where  ^  is  the  n^^-power 

n  on 

of  the  cotangent  bundle  of  %  (these  sets  are  defined  as  in  Lasna  1  and 
the  paragraph  preceding  it). 
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Th«or«a  2.3;  Assuae  that  U  saclaflas  T.C.  with  raapact  to  cha  aap 

M  i!  ^  .  Then  there  la  a  dcnae  aet  Ug  c  u”  (with  reapect  to 

the  nora  ||  ||  )  auch  that  for  all  u  €  Ug  : 

(1)  D(u)(X)  n  (£'  ON')  •  «  for  all  a  C  A 

o  a 

(il)  If  X  is  coapact.  tiwn  a  Ug  aatlafying  (1)  aay  be  chosen 

open  and  dense  and  such  that  for  all  u  €  U.  :  D(u)(X)  0  N' 

0  a 

la  finite  for  all  a  *nd  codla(lD(  -  )"^(^)  -  1  +  »  -  n. 
Here  D(u)(X)  denotes  the  iaage  of  X  under  the  aap  D(u)  ■  D(u,x)  . 

Proof:  We  apply  the  transversal  density  theorem  to  the  derivative  Mp 
^  X  ^  ^  .  Since  U  satisfies  T.C.,  this  theorea  lapllea  that 

there  Is  a  dense  set  Ug  c  u“  such  that  for  all  u  ■  (u^ . u“)  €  u"  , 

the  aap 

0(u)  :  X 

Q 


it  transverse  to  for  o  €  A  and  each  of  the  finite  nuaber  of  subaanio 


folds  whose  union  is  N'  n  .  Froa  Lsms 

o  o 

(a)  dia(X)  ■  codla(N')  for  o  €  A 

O 


2.1  we  have 


(b)  dia(X)  <  codia(N*n£*)  for  oCA 

<1  o 

where  eodla(N'  n£')  denotes  the  smallest  of  the  codiaensions  of  the  sub- 

manifolds  idwse  union  is  M’  H  £^  .  Part  (i)  follows  isMdiately  from  (b) 

and  (a)  implies  that  the  Nash  set  N(u)  ,  which  is  contained  in 

D(u)  U  N')  is  a  sero-dimensional  submanifold  of  X  .  In  particular, 
o€A“  •  F-  . 

if  i  la  compact,  D(u)~^(  UN*)  is  a  finite  set. 

o€A  •  . 

Suppoaa  that  X  is  compact.  Sinca  each  Sj  Aa  a  manifold  with 

boundary,  we  can,  by  considering  the  boundary  components  of  1^'^  separately, 
choose  Ug  so  Chat  D(u)(X)  n  (M^nf*)  -  4  for  all  a  C  A  and  u  C  Ug  . 
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Here  N*  and  £'  denote  the  eleaurea  of  M'  and  E*  .  Furthemore, 
o  a  tt  o 

the  laplicit  function  theorem  and  the  tranaveraality  property  of  D(u) 

for  u  c  Uq  ahow  that  for  u'  aufflelcntly  cloae  to  u  ,  the  aet 

D(u')~^(  UN')  is  alao  finite  and  varies  continuously  for  u*  near  u  . 
a€A  “ 

This  also  shows  that  for  u*  close  to  u  ,  D(u')(X)  n  (N*  Of)  i  for 

a  o 

hence  we  nay  assume  U  open. 

all  a  €  A  ^  Furthermore,  E^'  is  closed  in  for  all  and  so,  by 

considering  the  restriction  of  D(  V  )  to  the  ,  the  transversal  density 
theorem  shows  that  there  is  an  open  set  U^C  such  that  D(  TI  )  is  transverse 
to  for  all  Replacing  by  proves  (11). 


We  reformulate  Theorem  2.3  in  game-theoretic  language.  Let  be 
the  strategy  set  of  the  player;  aince  it  is  an  S-manifold, 

“j 

s.  ■  s®  U  (  U  S^)  where  the  are  manifolds.  A  point  x  €  S.  will 
J  J  1«1  J  .1  3 

be  called  a  vertex  if  it  is  a  sero-dimensional  component  of  under  a 
minimal  such  decomposition  of  Sj  ,  l.e.,  if  3*  •  S*  for  seme  1  and  m^ 

is  minimal  in  the  above  decomposition. 


Theorem  2.4;  Assume  that  U  satisfies  T.C.  and  that  X  is  compact. 

Then  there  is  an  open  dense  set  Uq  c  U  such  that  for  all  u  C  Uq  : 

1)  N(u)  is  a  finite  act  which  varies  continuously  for  u  €  Dq  . 

2)  If  X  *  (sj^,  ...,  s^)  C  X  and  x  C  N(u)  D  E(u)  ,  then  some 

Sj  is  a  vertex.  In  particular,  if  the  have  no  vertices, 
H(u)  n  E(u)  -  $  . 

3)  If  X  €  S(u)  n  E(u)  ,  then  at  moat  one  is  not  a  vertex. 

4)  E(u)  is  a  finite  union  of  "submanifolds"  of  X  of  eedimension 

At  least  1  4  (N-n)  .  (Here  "submanifold"  of  X  means  the 
intersection  of  X  with  a  submanifold  of  it  .) 
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Proof:  This  is  stssatially  a  rsststsasnt  of  Thsorsa  3  togsthsr  with 


•oat  rtatrks  a*d«  In  tht  proof.  Lot  Me  (l,  ....n)  b*  a  aubatt  and  look 
at  tha  flnlea  nuabar  of  "aubganas**  aaong  tha  playara  In  M  obtalnad  by 
placing  all  othar  playara  on  ona  of  thalr  vartleas.  If  eardCM)^  1  our 
•rguaant  shows  that  thara  la  an  opan  danaa  sat  such  that  If  u  €  , 

and  X  la  a  Nash  EgulllbrluB  of  tha  subgaaa  u  «  than  It  la  not  M-afflcient 
unlasa  ona  of  tha  playara  la  M  la  alao  at  a  vartax.  Take  Ug  to  be 
the  Intaraactioit  of  all  such  (1^  . 

Finally,  wa  raattrk  that  condition  T.C.  la  satisfied  If  U  •  C^(X) 


or  if  U  is  any  linear  subspace  of  C^(X)  such  that  for  all  x  €  X  , 
there  exist  N  functions  in  U  which  provide  local  coordinates  near  x  . 
For  exasple.  If  XCK**  ,  then  a  linear  aubspace  U  satisfies  T.C.  if 
it  contains  the  linear  functions  on  11*^  .  Furthemore,  there  are  nany 
wcll>known  thaoreaa  which  guarantee  the  existence  of  Nash  equilibria  for 
various  open  classes  of  functions,  e.g.  functions  satisfying  convexity 
conditions,  etc. 


3.  Multi-matrix  Canes 

These  irere  introduced  by  Nash  in  [SI.  Each  player  1  has  a  finite 
set  X^  of  "pure  strategies”  which  we  nuhber  for  convenience  as  follows: 


Xj  -  (1,  ...,k(l)} 


X.  -  {k(l-l)+l . k(l)> 


X^  -  (k(n-l)+l,  ...,k(n))  . 


Each  Is  now  anlargsd  to  a  aat  X^  of  "nixed  strategies,"  Which  are 


■  • '  V'  ' f 
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■Imply  probability  distrlbutiona  on  Wr  : 


X.  •  {x  €  F  ^  :  I  •  1.  *4  i  • 
^  JCK^  J  J 


By  K  we  mean  the  Euclidean  apace  of  dimcnaion  card(K^)  whoae  axes  are 
Indexed  by  the  elementa  of  .  We  Identify  with  the  aet  of  vertices 

¥ 

of  by  associating  j  €  with  the  point  (0,  . , .  >  0,  1,  0,  ...tO)  €F 

J 


Let  K  ■  Kj  X  . 


K  K  .  A  multi-matrix  game  is  specified  by  payoffs:  , 

^  n 

....  a"  €  F*  .  For  any  k  €  K  ,  aj[  is  the  payoff  to  1  if  the 
n- tuple  of  pure  strategies  given  by  k  are  used.  Given  a^ . a" 

%fe  now  define  the  payoffs  H  ...»  H  ^  on  X  «  Xj^  “  . . .  *  as  the 

Aft 

expectation  of  the  pure  strategy  payoffs.  Let  > 


X  C 


<  l|.  Ixj I  <2 


F  S I  <  ;  X 


^1 

i.e.,  is  an  open  set  in  F  which  contains  the 


J  V 

simplex  Xj^  .  Put  Z  •  Zj^  *  . . .  *  Z^^  .  For  a  €  F  »  define  :  Z  -*■  F  by 


Il^(x) 


where  Xj^  denotes  *  •••  •  *j(u)  ^  •••»J(n))  .  Then 

if  a^  €  F^  is  the  payoff  of  i  in  the  pure-strategy  game,  n  ^  restricted 

to  X  gives  his  payoff  in  its  'Used  extension.” 

To  apply  Theorem  1  to  this  contest  it  will  suffice  to  check  that 
U  ■  {n^  :  a  C  F^)  satisfies  the  T.C.  cendltieo  for  any  t  C  Z  .  Put 
L  •  U  ...  U  -  {1,  ...,k(n)}  .  For  any  j  €  L  ,  let 
X-i  -  X^  X  ...  X  x,.i  X  X,^i  *...«•  Where  1  is  such  that  j  €  X^  . 
(Since  L  is  s  disjoint  union,  this  is  well-defined.)  Also  for  any 
q  -  (i(l),  ...,  i(l-l),  i(l+l),  ....  i<n))  in  X*^  , 


denote  the  element 
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(1(1) . id-D.j.Km).  ...»  Kn))  of  K  by  (q.J)  .  With  this  noto- 

tlon«  «w  sot  that  (a)  b  ^  s«m  S 


for  %*  t(i“l)p  t(i*  Of -..fiCnjJ.  T^it»  any  t 


For  each 


thara  la  a  t0)6  -uch  that  . •  bacuaa 

^  ^  eonaider  the  path  HwlL  where: 

iakl  “*0 


•k  ^‘^j'*q(J)^  If  k  -  (q(J),  1) 
otherwlee 

Then  ■^(DH  ^)(*))  •  v  .  Thie  ahova  that  U  aatlaflee  T.C.  at  any 
X  €  Z  . 

It  ^ 

By  Theorem  1  there  la  an  open  denae  aet  of  (It  )  auch  that 

If  (a^,  ...,a")  -  a  €  V-  then  (a)  the  M.B.  of  H  -  (n  ,,  ...,n  )  are 

1  •  a^  a" 

finite  in  number,  (b)  If  an  N.E.  of  la  efficient,  there  la  at  leaat 
one  player  who  uaea  a  pure  atrategy, (c)  If  an  M.E.  of  la  strong,  then 
at  most  one  player 'a  atrategy  la  poaalbly  not  pure.  To  sharpen  (c),  let 
V2  be  the  aubset  of  u”  given  by 

Vj  -  {(a^,  ....  a")  €  u"  :  ^  s*I  If  either  I  d  1’  or  k  d  k'}  . 

Vj  la  open  and  denae  In  b"  .  Moreover  if  a  ■  (x^,  €  X  Is 

an  M.E.  of  for  a  C  Vj  ,  end  If  all  but  one  of  the  playera  use  pure 
strategies  at  this  H.E.,  then  clearly  so  dees  the  remaining  player.  Let 
V  ■  ^  ^2  *  proved 

Theorem  3.1;  There  la  an  open  dense  set  V  of  u"  such  that.  If  a  €  V  , 

(a)  the  M.B.  of  E^  are  finite  in  nwabsr, 

(b)  If  an  M.B.  of  la  efficient,  then  at  least  one  player  uses  a  pure 
atrategy, 

(e)  If  an  M.B.  of  B^  la  strong,  then  each  player  uses  a  pure  strategy. 
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4.  An  Exanple 

He  present  the  following  exaaple  because  It  is  psrticularly  staple 
and  illustrates  with  aaxlaua  clarity  all  of  the  features  of  the  general 
case. 

Consider  a  game  with  tvo  players  %ihere  the  strategy  set  of  each 
player  is  the  interval  [0,1]  .  The  payoff  functions  are  then  functions 
on  the  square  [0,1]  »  [0,1]  ,  which  we  call  X  ;  a  point  in  X  is  de¬ 
noted  by  (x^,  X2)  where  x^  is  the  player's  strategy  choice. 

2 

For  each  point  P  •  (a,b)  €  R  ,  let  Up  be  the  function 
“p^x.y)  •  (x-a)^  +  (y-b)^ 

l.e.,  Up(x,y)  is  the  square  of  the  distance  from  (x,y)  to  P  .  Let 

2 

U  be  the  set  {Up  :  P  €  R  }  of  all  such  functions.  Then  U  is  a  sub- 

2  2  2 
manifold  of  C  CR  )  and  is  isomorphic  as  a  manifold  to  R  itself. 

We  want  to  examine  the  Nash  and  efficient  sets  of  the  games  where 

each  player's  payoff  function  is  selected  from  U  .  A  game  of  this  type 

is  determined  by  assigning  a  point  P  >  (a,b)  to  player  1  and  a  point 

Q  *  (c,d)  to  player  2,  so  that  their  payoff  functions  are  respectively 

Up  and  Uq  .  He  denote  this  game  to  be  (P,Q)  . 

To  find  the  Nash  equilibria  of  the  game  (P,Q}  ,  note  that  player 

I's  best  response  to  an]^  strategy  choice  of  player  2  is  the  point  in 

[0,1]  closest  to  a  ;  thus  his  best  response  is  a  if  a  €  [0,1]  , 


0  is  a  <  0  ,  and  1  if  a  >  1  .  Similarly  player  2*s  best  response  to 
any  strategy  choice  of  plnyer  1  is  the  point  in  [0,1]  elosast  to  d  . 
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In  thn  figure  on  the  left,  the  point 
R  le  the  Meeh  equilibrlua  of  the 
gene  (P.Q)  .  In  pertieuler,  we 
eee  thet  every  gene  (P.Q)  has  a 
unique  Nash  equillbriuB. 


To  describe  the  efficient  set  of  the  gene  (P,Q)  ,  denoted 

2 

by  E(P.Q)  ,  we  need  a  definition.  Given  any  closed  convex  set  C  cR 
and  a  point  M  €  R  «  there  is  a  unique  cloaeat  point  to  M  in  C  . 

We  denote  this  point  by  r^(M)  and  call  it  the  retraction  of  M  into  C  . 
Thus 


dlstance(M,  r.(M))  ■  aln (distance (M,P)) 

^  P€C 

2 

and  r^  defines  a  continuous  aap  of  R  onto  C  such  that  r^(P)  ■  P 
if  P  €  C  . 

2 

Lemaa  4.1;  For  all  P,  Q  €  R  ,  E(P,Q)  is  equal  to  the  retraction 
IRto  X  of  the  line  segaent  Joining  P  and  Q  .  In  other  words,  if 
L(P,Q)  is  the  line  segaent  joining  F  and  Q  ,  then  E(P,Q)  ■  r^CLCP.Q))  . 

Proof ;  We  leave  this  as  a  siaple  exerciae  for  the  reader.  Note  that  for 
all  X  €  X  ,  a  point  y  is  a  Pareto  iaprovaasnt  on  x  if  y  li««  on 
the  perpendicular  drawn  froa  x  to  the  line  through  P  and  Q  . 


1-, 

I 

LV- 
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Examples;  (1)  if  P  and  Q  both  lie  in  X  ,  then  E(P.Q)  Is  L(P,Q)  . 


(11)  If  P  and  Q  lie  outside  of  X  ,  then  E(P,Q)  may  look  like 
the  following  (the  bold  line  is  E(P,Q)  ): 


In  the  examples  (i)  and  (il),  the  point  R  is  the  unique  Nash  equilibrium 
and  in  both  cases  it  is  inefficient. 

Lemma  4.2;  Let  R  be  the  Nash  equilibrium  of  the  rs"*  (P*Q)  where 
P  •  (a,b)  and  Q  ■  (c,d)  .  Then 

(a)  If  R  does  not  lie  on  the  boundary  of  X  (that  is*  if  neither  player 
is  on  a  vertex  of  his  strategy  aet  at  R  ),  then  R  is  efficient 
if  and  only  if  a  ■  c  and/or  b  d  •  The  Nash  equilibria  of  nearby 
games  are  gencrieally  inefficient. 
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(b)  In  the  figure  below,  consider  the  three  genes  (P,Q)  »  (P't  Q')  t 

end  (P",  Q")  ,  irith  Mesh  equilibrie  R  ,  R*  ,  end  R"  respectively. 
In  these  three  ceses,  the  Mesh  equilibrium  is  efficient  end  the  Mesh 
equilibrie  of  ell  neerby  gemee  remein  efficient.  In  ell  three  ceses, 
et  leest  one  pleycr  is  et  e  vertex  end  in  the  gene  (P*,  Q')  ,  the 
efficient  set  is  reduced  to  e  point. 


Proof;  This  is  eesy  to  check  using  Lcssne  4.1. 

This  exenple  illustretes  the  following  nein  points  of  the  generel 
theorem: 

(1)  Mesh  equilibrie  ere  finite  in  nuiber  end  very  continuouely  in  u. 

(2)  The  efficient  set  is  eentsined  in  e  union  of  siAnenifolds  of  codimension 

leest  1  4'  M  •  n  (equel  to  1  in  the  shove  exenple). 

(3)  Efficient  Mseh  equilibrie  et  which  no  pleyer  is  on  e  vertex  of  his 

stretegy  set  ere  not  robust. 

(4)  Robust  exsivles  of  efficient  Mesh  equilibrie  idiere  et  leest  one  pleyer 
is  on  e  vertex  of  his  stretegy  set  exist. 

Mote  thet  the  subnenifold  of  functions  U  sstisfies  condition  T.C.,  es 
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is  easily  checked,  and  hence  the  above  results  are  consequences  of  Theoreo 
2.4.  Also,  the  sene  gane  can  be  played  in  n-dlaensions  with  n  players 
with  slnllar  results. 

5.  Varvlna  Outcoae  Functions 

Suppose  now  that  utilities  Uj^,  ...,  u^  are  defined  on  an  outcome 

space  Y  and  that  an  outcone  function  4:X*S,  k...ks  -»Y  is  given, 

1.  n 

so  that  the  player's  payoff  on  a  choice  7  *  (s^,  ...,  s^)  €  X  of 

strategies  is  u^(4(¥))  .  In  this  section,  we  consider  the  question  "to 
what  extent  do  the  conclusions  of  Theorem  2.4  reuin  true  in  this  setting?" 
and  try  to  give  a  qualitative  answer.  No  attempt  is  made  at  coverings 
"general  case"  and  we  therefore  make  some  technical  assumptions  to  simplify 
matters. 

Assume  that  each  strategy  set  is  an  open  set  in  ,  Y 

M 

is  an  open  8ub<;et  of  It  ,  and  that  the  closures  of  the  and  Y  are 

2 

compact.  Let  U  be  the  space  of  C  -functions  defined  on  some  fixed  neigh¬ 
borhood  9'  of  Y  .  we  also  fix  a  neighborhood  Sf  of  X  in  It^  ,  where 
n 

N  ■  2  r(j}  ,  and  let  Q  be  the  set  of  smooth  msps  from  X  to  Y  ob- 
tained  by  restricting  to  X  smooth  msps  from  to  ^  . 

The  choice  of  a  map  q  C  Q  and  utilities  u  ■  (u^,  ...,  u")  C  tj" 
defines  a  game.  Let  N^(u)  and  E^(u)  the  subsets  of  X  of  Nash  and 
efficient  points  respectively. 
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Theorem  5.1;  Assume  that  2inlMA  M  sad  suppose  thst  the  following  inequality 
holds: 

<*)  n  -  1  <  |{n  +  M  -  n/(»-M)^  +  4n) 

Then  there  is  sn  open  dense  set  Qq  €  0  such  thst:  for  all  4  €  (Iq  , 

there  is  an  open  dense  set  U .  c  U  such  thst 

♦ 

(1)  N. (u)  is  finite  for  all  u  €  n  . 

4  ♦ 

(11)  E^(u)  n  N  (u)  for  all  u  €  0,  . 

Remarks:  (i)  Inequality  (*)  is  satisfied  if  r\>i  <  M  -  . 

(11)  If  M  *  N  ,  inequality  (*)  becomes  n>-l<  M  -  .  For  example,  if 

M  •  N  >  2  and  each  strategy  set  has  dimension  at  least  two,  it  is  satisfied. 

Proof:  For  fixed  4  €  ,  consider  the  map 

D .  :  U"  K  X  Mat(n,N) 

9 

(an  n  X  N  matrix) 

|a 

where  the  s^  are  Cartesian  coordinates  on  K  .  Let  E*  be  the  subset 
of  Mat(n,N)  of  matrices  with  dependent  rows  and  let  M'  be  the  subset 
of  matrices  of  the  form 


n  \ 


r(l)  r(2)  r(n) 

EZS. 

•  • 
N 


((u^,  ...,u”),  X) 


2u* 


2s, 
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As  In  Section  2,  If  a  point  x  €  X  lies  In  N.(u)  (resp.  E.(u)  )  then 

•  ♦ 

D(u,x)  €  N’  (resp.  E’  ).  By  Leona  2.1,  co<lini(N')  •  N  and 
codinCE*  (IN’)  >  N  . 

For  X  €  X  ,  let  d^^  be  the  derivative  of  ^  at  x  ,  l.e.. 


do 


30^ 

l’‘i  j 


where  ^  *  *  *  *  •  ^  *  •  •  •  •  *  •  •  •  •  *  •  •  •  t  ^ 

(an  n  X  M  matrix) .  By 


For  u  €  u"  and  y  £  Y  ,  let  A— (y) 


the  chain  rule: 


D^(u,x)  -  A^(0(x))»d0jj  • 


Conclusions  (i)  and  (ii)  of  Theorem  5.1  hold  if  the  map  D,(u,x)  is  trans- 

0 

verse  to  N'  and  E'  0  N’  ,  as  in  Section  2.  For  fixed  0  »  the  open 
dense  set  c  u  satisfying  (i)  and  (ii)  exists  if  the  map 

:  U"  X  X  -►  Mat(n,N) 

9 


is  transverse.  The  first  observation  is  that  D.  is  transverse  if  the 
rank  of  dO^  is  greater  than  or  equal  to  n  for  all  x  C  X  .  To  prove 
this,  let  B  c  Hat(n,N)  .  It  suffices  to  show  that  for  all  x  C  X  and 
u  6  u"  ,  there  is  a  path  u^  €  u”  such  that  Uq  ■  u  and: 


^<*1  <♦<«)» 

t 

t»0^ 

B 


It  is  clear  that  for  all  C  €  Mat(n,M)  ,  there  is  a  path  such  that 

-  u  and  (0(x)))|  >  C  .  Bence  we  must  see  that  if 

°  “t  it-0 

rank(d0,)  >.  n  ,  then  there  exists  a  C  auch  that  C*d0^  -  B  .  This  is 
obvious  if  wa  consider  B  ,  C  ,  and  as  linear  maps  and  the  equality 

C'd^x  *  B  as  the  eommitatlvity  of  tha  diagram 
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If  the  dlnenaion  of  the  iiMge  of  le  et  least  n  ,  then  C  can  be 

chosen  so  that  C«d4^  >  B 

To  prove  the  theorem.  It  remains  only  to  find  conditions  on  M  , 

N  and  n  which  guarantee  the  existence  of  an  open  dense  set  (2q  c  fl 
such  that  for  all  6  €  t  rankCd^^^)  ^  n  for  all  x  €  X  . 

Lemma  5.2;  Let  f(a)  ■  -a^  +  (N4M)a  -  N(M-1)  .  For  all  integers 

0  ^  a  £  M  ,  there  Is  an  open  dense  set  c  n  such  that  for  all  ^  , 

(x  C  X  :  rank(d^^)  ■a}  Is  a  finite  union  of  submanifolds  of  X  of  dimen¬ 
sion  f(a)  (If  f(a)  <  0  ,  this  Is  taken  to  mean  that  {x  C  X  :  rank(d^^)  «  a} 

Is  empty). 

Before  proving  Lemma  5.2,  we  show  that  It  Implies  Theorem  5.1  . 

IJq  -  n  0*  .  We  need  only  check  that  f(s)  <0  for  a  <  n-l  If  the  Inmauallty  (*) 
a^n-l 

of  Theorem  5.1  is  satisfied.  Note  that  f(a)  is  Increasing  on  the  inter¬ 
val  [0,M]  and  the  smallest  sero  of  f(a)  lies  In  that  Interval.  In 
fact,  the  smallest  sero  Is  equal  to  ^(N+M)  -  +  4N^  and  f(n-l) 

Is  therefore  negative  If  n  satisfies  (*). 

Lemma  5.2  is  also  s  consequence  of  the  transversal  density  theorem. 

Consider  the  map 

6  :  Q  X  X  Mat(M,N) 

(4,x)  h  d6jj 
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Ue  h«ve  seen.  In  the  proof  of  Lsasw  2.1,  thst  the  set  of  s  M  »  N 
Matrices  of  rank  a  (0  <  a  ^  M)  is  a  finite  union  of  closed  suhaanifolds 
of  Mat(M,M)  of  dlnension  sM  -f  (M-a)a  .  Furtheraore,  t  Is  obviously 
transverse  and  so  there  is  an  open  dense  set  Q*  c  (i  such  thst  d(^,x) 
is  transverse  to  for  all  ^  €  fi*  (openness  follows  since  the  defini¬ 
tion  of  n  iaplles  that  all  #  €  1)  are  restrictions  to  X  of  asps  defined 
on  a  compact  set  containing  X  ).  In  particular,  the  codiaension  of 

)  is  equal  Co  the  codiaension  of  R  in  Mat(M,M)  ,  A  short 
calculation  yields  Lemma  5.2. 

Corollary  5.3;  If  M  2.  n  ,  there  is  a^  open  (though  not  necessarily  dense) 
set  in  such  that  the  conclusion  of  Theorem  5.1  holds  for  all 

♦  £  fio  • 

Proof;  This  follows  from  the  above  proof  and  the  reaark  that  Che  set 
{♦€£);  rankCd^'jj)  ^  n  for  all  x  €  X)  is  open^ln  D  . 

What  happens  if  N  ,  H  and  n  do  not  aaclsfy  inequality  (*)  of 
Theorem  5.1?  Any  one  of  the  following  conclusions  asy  hold  robustly,  though 
not  generlcally,  depending  on  the  conditions  placed  on  d  :  (•)  Che  con¬ 

clusion  of  Theorem  5.1,  (b)  all  Mash  equilibria  are  efficient  (the  case 
Y  ■  {pt.}  ),  (c)  the  efficient  Nash  equilibria  are  a  union  of  submanifolds 

of  the  Nash  set  of  codiaension  at  least  one. 
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